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Abstract--In this paper an abstract theorem of asymptotic stability, using the theory of one parameter 
Liapunov functions, is provided. The advantage of this approach is to remove, in several important 
cases, the request of precompactness of the orbits. Applications are made to an abstract lass of hyperbolic 
equations, with time dependent dissipations, including damped and strongly damped v,ave equations and 
the extensible beam equation. The final example provides the asymptotic stability of the periodic solution 
to the membrane equation with a time dependent damping term. 
1. ABSTRACT RESULTS 
The stability theory, of second-order evolution equations has been investigated using several 
different points of views. Between the relevant amount of important literature on this subject, 
we wish to mention the results of Daferrnos[l,2], Dafermos and Slemrod[3] and Haraux[4] 
which connected the invariance principle of La Salle[5] Hale[6] with the nonlinear semigroups 
theory. A direct applications of Hale's theorem in the infinite dimensional phase spaces is 
subject o the verification of a nontrivial assumption: the precompactness of the orbits. 
Some theories have been developed to avoid this strong requirement, for example the use 
of the weak topologies is one of the main tool of the research of Baillon and Brezis[7] and 
Ball{8]; while in the author's paper[9] a new method, derived from the Matrasov theorem, has 
been proposed. This paper is based on the theory of one parameter Liapunov functions of 
Salvadori[10,11]. 
The advantage of this approach seems to be restricted to strongly dissipative systems (that 
is when the dissipation is related with the kinetic energy in an appropriate sense). However, in 
this case it provides the strong convergence of the solutions towards the equilibria, without any 
hypothesis of precompactness. On the contrary, this technique does not seem to be suitable to 
attack weakly dissipative problems like, for example, the stabilization of semilinear control 
systems (see Ball and Slemrod[12,13]). The purpose of the present paper is the extension of 
the results given in [9] to abstract evolution systems (processes, in the terminology of Dafermos 
and Hale) and to apply them to a wide class of hyperbolic equations having a time-dependent 
dissipative force field. 
We shall give the basic definitions and theorems at level of general topological spaces 
(actually we shall use this terminology to denote a 7"_, topological space). 
In the sequel, let us denote by E a topological space. We shall define an evolution system 
p(t, t0, x0) in the following way. Assume that p : R x R x E -9 E is separately continuous, 
we say that p is an evolution system if 
(i) p(to, to, x0) = x0, 
(ii) p(t:, tl, p(tl, to, x0)) = p(t,, to, xo) 
for all to, t~, t, E R, Xo ~ E. 
Definition 1.1. We say that S C E is a Liapunov stable subset of E, if and only if, for all 
open sets U D S there exists Vc, S C Vc C U, such that p(t, to. xo) ~ U provided that x0 
Vc, for all t => to. A subset H C E is called an invariant set if and only if p(t, to, H) C H, for 
all t = to. An invariant subset of a single element is named an equilibrium point. 
Definition 1.2. We say that S C E is an attractor and an open set U D S is said to be 
interior to the bacine of attraction of S, if and only if, for all open sets t.), U D C r D S, there 
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exists t = t(U) => 6 such that p(t, to, x0) E /)', for all t _>-- f. Let us denote by 
B(S) = l U {V : V is interior to the bacine of attraction of S}, 
which is called the bacine of attraction of S. Finally, we say that S is a global attractor if 
B(S) = E. 
The following result is concerned with the asymptotic properties of the evolution sys- 
tem p. 
THEOREM 1.1 
Let E be a topological space and K~ C E a fundamental system of neighbourhoods of S. 
Assume that 
(i) for all o~ there exists ",/(t, to) continuous in both variables and W~ : R x E --, R, 
continuous, such that ]W~(t, x)[ -< ~,(t, to), for all t >- to. x ~ E: 
(ii) there exists c~ : R ----, R .  continuous function such that 
l'V~(t0, xo) = D'W~(t ,  p(t, to, x0))i ..... <= -c~dto) < 0 
for all to E R, xo E E'~K~. 
(iii) lim (y(t, to)) -z c~(S) dS = - :~  
Under the above hypotheses, if S is a stable subset of E, then it is a global attractor. 
Proof. We want to prove the property stated in the definition (1.2). That is, for all open 
W D S we want to find t~ > to, such that 
p(tl, to, xo) ~ V~v. 
Where Vw is taken in the sense of Definition 1.1. If we neglect the above fact, there exists 
I4'0 D S, such that for all t > to 
p(t, to, Xo) E E\Wo. 
Hence, we can find K~, S C K~ C Wo, such that 
p(t, to, Xo) E E\K~. 
Therefore, for all t > to, one has 
W~(t, p(t, to, xo)) <= -c~(t). 
The integration on (to, t), together with hypothesis (i), provides the following inequalities 
- ' , /(t ,  to) =< W(t, p(t, to, Xo)) <= W(ro, xo) - c~(s) ds. 
t) 
Using hypothesis (iii) we get a contradiction. 
The analogy for discrete dynamical systems can be obtained in a similar way, hence, we 
will formulate the result omitting the proof. 
Before standing the proposition we shall adapt the definition of evolution system to the 
discrete case. 
A discrete evolution system (DES) is given by a two parameters family of nonlinear 
transformations on E verifying the following properties: 
(i) fora l lh ,  k~N Ph.t ~ C(E), 
(ii) for all h E N Ph.~ = IE. 
(iii) for all h, k, l E N Pat • Pk.l = Pa2' 
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Proposition1.2 Given a (DES) on E, let S and {K~} as in the above proposition. Moreover, 
assume that 
(i) for all a ,  there exists 
W=., ~ C(E, R), 
for all n -> k, x ~ E. 
(ii) There exists {c~..} such that 
IW~..(x)l -< y..,, y.., > 0 
A+W=.,(x) = W . . . .  I(P,-I.,(x)) - W~.,(x) <- -ca. ,  
for all x ~ EX, K=. 
(iii) 
n 
lim ~/.-2 ~'. c .o  = + z¢. 
n~ j=k  
<0,  
Then the Liapunov stability of S implies the global attractivity. 
2. APPL ICATIONS 
This section contains the applications of the above results to quite general hyperbolic 
equations including some models arising in continuum mechanics. 
Consider the following abstract problem 
(H) dt \ dt ] + B t, u, ~ + C(u) = O, 
where the following hypotheses hold. 
I. There exist three Banach spaces K, D, P such that the following continuous embedding 
are fulfilled 
PGO GK.  (2.1) 
II. Let A : K --> K* a continuous bounded operator and f ~ C'(K, R) a continuous 
functional such that A = Grad f.  Moreover there exist ao ~ C(R+, R+) increasing 
function and a E C([0, 1] x R , ,  R+) such that 
f (w)  >- ao([Wlx), A(O) = O, 
(A(w) - a (hw) ,  w) >- a(h, [W[x), w ~ K, (2.2) 
where 
f0 j a(k,  r) d~, -> ao(r), a0(0) = 0. (2.3) 
III. Let C : P --+ P* a continuous bounded operator such that C = Grad g, where g E 
C'(P, R). In addition one has 
g(u) >- Co([Ule), g(O) = O, 
(c(,,), u) _-> Co(I,,M, 
where Co E C(R+, R+) is an increasing function, such that c0(0) = 0 and c(r) --+ 
4-~c as r-.---> +zc .  
IV. Let B : R x P x D ---+ D* be a bounded continuous nonlinear operator such that 
C~A12:415-L  
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for a l lu  ~P ,  vEDandtE  R 
I s ( t . . ,  v)l . =< + 
(B(t, u, v), v) >-- bo(t)iv]5, (2.5) 
where 2 =< p < +:c and bo(t) >-- bo > O. 
Moreover there exists b* > 0 such that bl(t) -< b*bo(t) for a sufficiently large t. In addition 
when p > 2, the following growth condition is required: 
lim (t - to) -p'~p-z~ bo(s) ds = 0. (2.6) 
Proposition 2.1. Let us denote by E the subset of P x K such that for all initial data in 
the Cauchy problem (H) admits a globally defined solution verifying 
u E C([0, T]; P) 
u' E LP(0, T; D) (3 C([0, T]; K) 
A(u') ~ AC([0, T], P*) (2.7) 
for all T > 0. Therefore, S is stable and globally attractive in L" (in other words, it is asymptotically 
stable). 
Proof. If we set V : P x K---* R 
V(u, v) = (A(v), u) - f (v)  + g(u). (2.8) 
It is not difficult to see that f'(u, v) = - (B(t, u, v), v) <- O, hence, the stability of S easily 
holds. 
In order to construct a family W~, to apply the abstract results, we observe that 
f[ (B(t, u(t), u'(t)), u'(t)) dt <= V(u(0), u'(0)) = Vo (2.9) 
0 
and in particular 
f[ bo(t)iu'(t)l~ dt <= Vo. 
0 
Denote by E = /~ N BR(0), for a fixed R > 0, and 
F~(t, Uo, Vo) = V(uo, Vo) + e[(A(vo), Uo) 
where 
fr ] + (B(s, p(s, to, Xo)), u(s, to, Xo)) ds , 
0 
(2. I0) 
(2.11) 
Xo = (Uo, Vo), p(t, to, Xo) = (u(t, to, xo), u'(t, to, Xo)). (2.12) 
Now, for all a E (0, K), we want to find a positive e(c~) such that 
/b,,~,(t, Uo, vo) =< -ca( t )  in EkB,~(0). (2.13) 
Hence, if we set K~ 
1.1, provided that the conditions (i) and (iii) be fulfilled. 
Indeed, since along the motion V =< Vo, one has 
(u'(t), A(u'(t)))  - f (u ' ( t ) )  <- Vo, 
hence 
fo' ao(lU'(t)lx) <- (u ' ( t ) ,  A(u'(t))  - A(hu'(t)))  dh 
<= (u'(t), A(u'(t))) - f (u ' ( t ) )  <= Vo. 
Then it follows 
<.'(s), 8(s, u(s), u'(s))> as <-_ lu(s)l/8(s, u(s), u'(s))l~, as 
o o 
(r l'(r ' )' =< I~(O*, P*) [u(s)[¢ ds [B(s, u(s), u'(s))[~', ds , 
\ ' I t  0 / \ , I t  0 
where Ix(D*, P*) = sup {Ixle- : Ixlo" = 1L 
Since, for all t, g(u(t)) <= Vo, we get lu(t)[p <- Cot(Vo) and 
f,, ' ]u (s ) l¢  ds  -< - i t  to)l"PCol(Wo). o 
Moreover, 
; Fr ] In(s, u(s), ,,'(s))[~. ds -< c(p) (~'(s)lu'(s)l~ + ~ (s)lu'(s)l~) as 
0 l -  d l 0 
Using the hypothesis that bl(t ) <= b*bo(t), for t sufficiently large we get 
f '  N (s)lu'(s)l~ ds <= b*Vo o 
and if p > 2 
f , ,  (f (s u'(s P' ds <= o o 
bo s u' s p ds <= * )P 
o o 
otherwise if p = 2, (2.20) reduces to (2.19). 
In this way we obtain 
~lo(t, to) = ( t -  to)l'PCot(Vo)c(p)Fb*Vo 
L 
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= B~(0) t.) E, S = {0}, we will be able to apply the abstract Theorem 
(~'(s)/~"P(s))P-l¢p-:,  ds) p-2/p- t 
- l )  
bo(s) ds) p-''Ip , 
(f )-,. ] + (b*)P Vo bo(s) ds 
o 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
(2.21) 
By the boundedness of A, there exists a positive dl depending only on R, such that 
F~(t, uo, Vo) <= d l+ "/0(t, to) = ~/(t, to), (2.22) 
and hence, condition (i) of Theorem 1.1 is fulfilled. To prove condition (ii), assume that for 
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all t -> to. one has p(t.  to. Xo) ~ E~K~. that is 
therefore, 
a -< sup (It,(t)le. lu'(01~) ~ R, 
P,(t, uo, vo) = - (B( t ,  Uo, vo), vo) + e[(A(vo), Vo) - (C(uo), u0)]. 
Hence, 
P~(t, Uo, Vo) -< -bolvo[g + ~[K, IvolK - eo(l',ol~)l 
<- -b2lvol;. + ~[g,  lvol~ - Co(I.o[.)]. 
where 
(2.23) 
K, = sup {IA(vo)[x" : Iv0lx ~ R} and b, = bolx(O, K) - ' ° .  
To complete the proof it must be shown that (2.13) holds. By putting { = Iv0ix rl = co(luo[e) 
the proof is reduced to investigate the real-valued function 
6~({, "q) = -bz~f - ~[K,{ - "1"11. (2.24) 
Indeed, for all c~ E (0, R), it is possible to find e(a) > 0 such that 
cb~,~,(~. -q) < 0 (2.25) 
on the compact sets 
If we set 
e~ -< sup (~, co~(rl)) = R. 
ca = -min  {qb.,~,({. rl) : ~ =< sup ({, co~('q)) < R} (2.26) 
condition (iii) of Theorem 1.1 is reduced in this case to 
lim ~/(t, to)Glt - to) = +:c. (2.27) 
t~ +:e  
By (2.21) there exist K2, K3 > 0 so that 
~l(t, to) = (t - to) Ip K,_ + K 3 bo(s) ds . (2.28) 
- -  to) 
Then (2.27) is achieved if 
/[ (r lira [G(t  - to)v'P-l] K2 + K) bo(s) ds = +zc (2.29) 
which is a consequence of (2.6). 
Example 1. Let fl be an open-bounded subset of R 3 with smooth boundary. 
We wish to study 
(E l )  I--]u + (1 4- t L-')u~ 4- u 3 = 0 
under the boundary condition ulon = O. 
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One has 
P = H~(~) D = La(~) K = L:(f~). 
Moreover, b~(t) = bo(t) = 1 + t I "- andp = 4. Since 
f, lim (t - to)-" (1 + s ~'-') ds = 0 t~+x 0 
by the above proposition it follows 
lim lu(t)]~, = lim lu'(t)lv' = 0. 
Example 2 (Extensible beam). Let x ~ (0, 1) and t >- 0, the transverse motion of an 
extensible beam is described by means of the following equation (see Ball[14]): 
[ ;: ] (E2) pO~u + eLO~u - 13 + K [ux[-" d~ O~u + h(t)O,O1u 
[fo' ] - cr u~ux, df; O.;u + gt6 = O, 
where P, a,  13, K, or, 5 > 0, x ~ (0, 1), t ----> 0. Under the boundary conditions 
u(0,  t) = u(1,  t) = Ux(0, t) = ux(1, t) = 0. 
Assume that 
h(t) >-- h. 0 > 0. 
Hence, we can apply Proposition 2.1, by considering 
P = Hz(0, 1) f"l Ho~(0, l) D = P 
and 
K = L:(O, 1) 
fo' fo' g(u) = (oJ2) [u.~d-' d~ + (13/2) 1.2 d~ 
[° fo' C(u) = Grad g(u) = oLO4u - + K 
[fo' ] B(t,  u, v) = k(t)Olv - cr u~vx d~ u.~, + gv, 
therefore, one has 
(B(t, u, v), v> >_- x(t)lv~l~= + alvin_: 
and if u ~E Be(0) in P, there exists q(R) > 0 such that 
[B(t, u, v)lo.----- x(t)lv~l].: + q(R)lvl~:. 
+ (K/4) (fo' ] U~]-" dl~) ' 
Ju.£- d~] o~,, 
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Therefore, it follows bo(t) = h(t), bl(t) = k(t) + q(R). From Proposition 2.1 we established 
lira [u(t)lH:nH, 0 = lira I,,'(t)l,,:o..,, =0.  
Example 3. The following example shows that when p = 2 the range of the applications 
for Proposition 2.1 is sufficiently large. Let lq be an open-bounded subset in R 3, we shall be 
concerned with the following damped wave equation 
u, - Au + j ( t )u,  = 0 
(E3) ulz, n = 0. 
The general theorem can be applied, by putting 
P = H~(~) D = K = L-'(f~) 
A(v)  = v, f (v )  = 
B(t,  u, v) = j ( t )v .  
If we assume 
lim f i t )  > 0 
then there exists to > 0 such that the conditions of Proposition 2.1 are fulfilled. 
Hence, we obtain 
lira lu(t)l,u = lim lu'(t)lc'-= 0. 
Example 4. Consider the following example of strongly damped wave equation 
(E4) 
l) as in the above example. 
u, - Au - j ( t )Au ,  = O, 
u[~ = O, 
Assume that j fulfills the same conditions as stated in the foregoing case, then to apply 
Proposition 2.1 we require 
P = H~(~) = D K = L-'(f~) 
B(t,  u, v) = - - j ( t )Av.  
Also in this case Proposition 2.1 holds, with p = 2. Hence, 
lim = lim It6(t)lL: = 0. 
Example 5. Let 12 be as in the above example. Our purpose in this case is to provide an 
example having a nonquadratic kinetic energy. Consider the following equation: 
o,, 
(E5) Ot \Ot /  - Au - j ( t )A~ = 0 
under the boundary condition ylon = 0. 
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Denote by 
P = Ho~(l'2), D = P, K = L~(f~). 
Moreover, assume that j fulfills the foregoing condition and 
A(v) = v 3, A : L~( f~)~ L43(f~) 
B(t, u, v) = - j ( t )Av .  
We can apply Proposition 2.1 with p = 2, in this way it follows 
lira lu(t)l,,~, = lim lu,(l)lc~-= O. 
Example 6. (Periodic solution to damped wave equation). Let f~ be an open-bounded subset 
of R" with smooth boundary Of~. The motion of vibrating membrane under the action of a 
periodic forcing term f ( t ) ,  is described by the following equation 
[-']y + j(t)13(y,) = f ( t ) ,  
(E6) Ylo, = 0. 
We assume that the time dependence of the friction term (via the function j )  is periodic. However. 
under the same hypotheses on j stated above, the assumption of strong monotonicity on 13, the 
general theory developed in Haraux[15] provides the existence of a periodic solution u to our 
equation. We shall prove here the stability and the global attractivity of u. Let y be a solution 
to (E6), denote by z = y - u. Hence, one has 
['-]z + j(l)(13(ut(t) + z,(t)) - 13(ur(t))) = 0. 
We shall prove that, for this equation, z = 0 is a stable globally attracting solution. Denote by 
P = H0~(f~), D = K = LZ(f~) 
and by 
A(v)  = v, f (v )= Ivl"c'-, C(z)=-.x-,  g(_-)= IVzlz: 
B(t, z, v) = j(t)(13(uM) + v) - 13(u,(t))), 
p=2.  
In this way a standard application of Proposition 2. i implies the desired properties on z = 0. 
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